We present a collective coordinate approximation to model the dynamics of two interacting nonlinear Schrödinger (NLS) solitons. We discuss the accuracy of this approximation by comparing our results to those of the full numerical simulations and find that it is remarkably accurate not only when the solitons are some distance apart but also during their interaction.
Introduction
The nonlinear Schrödinger equation (NLS) is an important model in mathematical physics, with applications in many fields which includes nonlinear optics, plasma physics, biophysics and Bose-Einstein condensates (BEC's). Interactions between NLS solitons is particularly important; for example in soliton-based optical communications the NLS equation describes information transfer in optical fibres [1] , and soliton interactions fundamentally limit the capacity of soliton-based communications [2] .
As the NLS equation is integrable its exact soliton solutions can be found analytically via the inverse scattering transform [3] (see e.g. [4] ). However, given the rather involved nature of this approach and the complicated form of these solutions and the fact that they hold only for the exact form of the NLS equation it is useful to look at other approaches to this problem. This is particularly true if one wants to get a 'physical feeling' about the forces governing the scattering of solitons i.e. to see whether they are attractive or repulsive and how they depend on the various parameters of the solutions and how they respond to small perturbations of these solutions or the equation itself.
Hence, the equation has also been studied numerically [5] , [6] , [7] , [8] and an attempt has been made to introduce a collective coordinate approximation to a two soliton field configuration [9] . Having performed some numerical simulations of the scattering of two solitons in a class of modified NLS models [10] we have started thinking of a collective coordinate approximation to this process and we have found the paper by Zou and Yan [9] . As this paper does not present many explicit results we have modified their approach a little and have looked at the interaction of two solitons in great detail. We have found that the collective approach, which is expected to describe the properties of the solitons when they are far apart from each other, works very well even when the solitons are close together and so may be a somewhat unexpectedly good approximation to the description of the two soliton scattering at all times. Hence in this paper we present our results so far. This paper is organised as follows: in section 2 we give a brief introduction to the NLS model, its basic symmetries and its 1-soliton solution. In section 3, for completeness, we say a few words about the collective coordinate approximation in general, and in section 4 we present our 2-soliton ansatz, present our approximation (based on [9] ) and use it to determine the equations of motion for our collective coordinates. We have solved these equations numerically using the 4th order Runge Kutta method, and in section 5, we present some of our results. Some further comments and conclusions are given in section 6.
The model
The non-relativistic lagrangian describing the dynamics of the NLS field ψ(t, x) and its complex conjugate ψ * (t, x) is given by
Variation of this lagrangian with respect to ψ * (t, x) gives us
which is the NLS equation for ψ(t, x) (variation of the action with respect to ψ(t, x) gives the complex conjugate of (2.2) which is the NLS equation for ψ * (t, x)).
Solutions to (2.2) with boundary conditions |ψ| x=−∞ = |ψ| x=∞ ; ∂ x ψ → 0 as x → ±∞ have conserved Noether charges as a result of the symmetries of the action.
Thus the invariance of the action under time translations gives the energy conservation:
Conservation of momentum results from the invariance of the action under space translations:
And, finally, the internal U (1) symmetry of the action, ψ → e iα ψ for a constant α, gives the conservation of the normalisation
As is well known for η = 1, (2.2) has the 1-soliton solution (called 'bright soliton') 6) where b, v and x 0 are real parameters of the solution. This solution is clearly defined up to an overall constant phase due to the U (1) symmetry of (2.1). It describes a soliton moving with velocity v, which at t = 0 is positioned at x 0 . The parameter b, which describes the 'width' of the soliton, is related to N and so is, in fact, fixed.
The collective coordinate approximation
For integrable systems exact solutions can be found via the inverse scattering transform (IST); however IST is confined to integrable models so for non integrable systems, or when one wants to study perturbations of integrable models, other methods must be used to find approximate solutions or to understand what is really going on. In such cases, one can perform numerical simulations (i.e. solve the equations numerically but this is often very time consuming) or use other approximate methods. One such methods is the collective coordinate approximation [11] . This approximation reduces the infinite-dimensional problem to a coupled set of ODEs for the collective coordinates by focusing on the motion of the solitons themselves, and so retaining only the variables which describe the solitons. Of course, this approximation neglects all radiative corrections and so is valid only if these corrections are small, this is true when the solitons are far apart from each other. When the solitons begin to interact with each other the approximation becomes more approximate (as some radiation is sent out and the solitons are mutually distorted). However, it may happen that these distortions are well described by the well chosen collective coordinates and that the radiation effects are small. This is, in fact, what we have found in our work as will be described in the next few sections.
The general idea of the collective coordinate approximation is to start with a static solution ψ(x, q 1 , ..., q n ), and then to allow the soliton parameters to evolve in time so that q 1 (t), ..., q n (t) are the collective coordinates containing the dynamics of ψ. This assumes that a static solution exists, or is at least a good approximation to the solutions of the equations. In our case this is clearly true as we can take static fields corresponding to (2.6) and, as each of them is localised in space, we can take two of them and place them far enough from each other. This will give us a good approximation to a static solution of our equation. We then assume that the parameters of the solution vary with time (and in particular that the parameter that describes the relevant distance between the solitons decreases with some intial velocity v). The equations of motion for the collective coordinates can then be found by minimising the action within this ansatz. The collective coordinate method is usually accurate, however it is a variational method so its accuracy is dependent on the proper choice of coordinates which requires some knowledge of the solution. The approximation describes well separated solitons in relative motion and becomes exact as velocity tends to zero [12] , but it has been shown to be a good approximation away from these limits.
The 2-soliton configuration
Next we try to construct a collective coordinate approximation for the two solitons. As the field of each soliton is localised we start by making the approximation
where ψ 1 and ψ 2 are solutions of (2.2) when they are far apart. Following from Zou and Yan, [9] , we assume that the two solitons are of equal height, constant width, and move symmetrically around their centre of mass. So we take ψ 1 = ϕ 1 e −iθ 1 and ψ 2 = ϕ 2 e iθ 2 where
and then treat a(t), ξ(t), µ(t) and λ(t) as our collective coordinates.
This ansatz models two lumps with relative phase δ = δ 2 − δ 1 and relative distance ξ and so corresponds to two 1-soliton solutions when |ξ| → ∞. In figure 1 we present a plot of ψ = ψ 1 + ψ 2 at t = 0 with ξ = 10, µ = 0.1, b = 1, λ = 0 and δ 1 = δ 2 = 0. 
Effective Langrangian for our collective coordinates
To construct the effective Lagrangian for our collective coordinates we put our ansatz (4.1) into our lagrangian (2.1), this yields an effective lagrangian density which can be written in terms of the non-interacting part L 0 and the interacting part L 12 .
Introducing ω 1 ≡ x + ξ and ω 2 ≡ x − ξ, the non-interacting part becomes
where dot denotes the differential with respect to time. Integrating this over all space gives us the effective Lagrangian of free solitons
interacting Lagrangian density becomes
which, when integrated over space, and after some rearranging yields
The integrals given here have been evaluated using the residue theorem; a few of these calculations are presented in detail in the Appendix.
Equations of motion
Next we determine the equations for our collective coordinates. First we note that the total Lagrangian is given by
This expression agrees with the Lagrangian given in Zou and Yan's paper if we take their approximation by neglecting higher order terms of µ, λ and their t derivatives.
From our full Lagrangian we can calculate the Euler-Lagrange equations for our collective coordinates a(t), ξ(t), µ(t) and λ(t).
which implies that 4a
is a conserved quantity corresponding to the normalisation N . So we can write
where N has been split into interacting and non-interacting parts.
Next we fix N , which is conserved and so does not depend on t, by putting solitons initially far apart, i.e. taking x 0 very large. In our 2-soliton approximation ψ 1 and ψ 2 are 1-soliton solutions for the solitons far apart, if we compare this to the 1-soliton solution (2.6) we see that for our solitons initially far apart µ ≈ − v 2 , ξ ≈ x 0 − vt and a ≈ b, and therefore N 12 ≈ 0, N 0 ≈ 4b.
Then we have
where we have defined ω ≡ π sin(2µξ) cos δ sinh( πµ b ) sinh(2bξ) for convenience. Equation (4.3) can be used to eliminate a(t) from the equations of motion for µ(t) and ξ(t), giving a system of coupled first order equations involving µ, ξ, their derivatives andλ. The dependence inλ can be eliminated if we use the equation of motion for a(t), leaving us with
Finally we solve these to derive the system of equationṡ
We write the right hand side of the expression forμ as R(µ, ξ), and differentiate the expression with time to getμ =Ṙ. Multiplying this byμ and integrating over time gives a conserved quantity Eμ
where E is determined by the initial conditions. Similarly we can do this for the expression forξ to getξ to be like a potential and E to be like total energy then we can plot potential curves as −R 2 up to a constant (we take this constant to be the square of the initial velocity).
Results
In our work we have used the fourth-order Runge-Kutta method to solve numerically our system of equations (4.4). Each 1-soliton configuration, ψ 1 and ψ 2 , possesses a U (1) symmetry so we can choose each phase arbitrarily and consider the dependence on their phase difference δ. In our analysis we have considered only small values of velocity (ξ) describing the initial motion of the solitons towards each other, as the collective coordinate approximation is a good approximation for slowly moving solitons.
Our simulations have shown that the interaction between the solitons depends on their initial phase difference and their velocity at the time of interaction. Solitons with the same where the solitons experience an initial attraction and so come together, then repel and move away from each other with a constant velocity. These three interactions can be seen in figure 2 where the relative distance between the solitons is plotted as a function of time, for a simulation with the initial distance ξ = 3.5, initial velocity v = 0.1 so that they are sent towards each other, and for δ = 0, π 2 and π.
We have confirmed these observations by considering the conserved quantity resulting from our expression forξ. This we have done by interpreting (4.5) as an energy conservation formula so that we could consider the movement of solitons as the motion of a particle moving in a potential. In figure 3 we have plotted the potential curves for initial velocity v = −0.1, initial distance ξ = −10, and various values of δ. We see that δ = 0, π do indeed correspond to the attractive and repulsive potentials, respectively. Our potential curves are similar to those in Zou and Yan's results in [9] but with a few differences as we have not made any approximations in our calculations.
So, firstly, our potential curves have a dependence on the initial velocity which is demonstrated in figure 4 by plotting potential curves for δ = is much more attractive than theirs for all values of the initial velocity (see figure 3(a) ).
We have also noticed that for δ = π the spatial symmetry of |ψ| 2 = |ψ 1 + ψ 2 | 2 is broken, and as the solitons come together their height changes independently. This is shown in figure  6 where we present the change in height of the solitons with time along with their relative trajectory. In 6(b) the change in height is small as the solitons only overlap a small amount before being repelled, and in both plots as the solitons become infinitely separated their heights tend towards b which we have taken here to be b = 1. We can compare these results with the results of the full simulations of the scattering of NLS solitons performed by Ferreira et al in [10] , where an asymmetry in soliton height was found for δ = 0 in the unperturbed NLS.
We have also confirmed the dependence of the soliton interactions on the relative phase between solitons, previously noted in [9] , without any approximations in the analysis, and we have further seen the existence of a bound state of solitons with suitable initial conditions when they become trapped oscillating around each other. Furthermore, we have seen a difference in heights of the solitons as they interact, an effect that was observed in a full numerical simulation of NLS solitons in [10] , all within the collective coordinate approximation. Overall our ansatz has yielded much better results than we have expected, capturing a surprising level of detail of the soliton interactions.
Further comments and some conclusions
In this paper we have presented a collective coordinate approximation (based on the modifcation of the approach of Zou and Yan) for the study of the dynamics of two interacting solitons in a NLS model and then we have used it to investigate these dynamics in some detail. Our results have confirmed the behaviour seen in full numerical simulations. Moreover, our results have shown that our collective coordinate approximation can be used to reproduced the dynamics of the solitons even when the solitons are close together. Thus we have observed that the relative phase between the solitons determines whether they feel an attractive or repulsive force towards each other, and we have seen that for a small enough velocity the solitons can form a bound state and continue to oscillate around each other indefinitely. We have also seen that the heights of the solitons vary separately as they overlap. These observations indicate that the collective coordinate method yields an impressively effective description of the dynamics of two interacting NLS solitons. The next step is to apply the method developed in this report to investigate various physically interesting perturbations to the NLS equation. Defining ω = b(x + ξ(t)) we can write:
Consider the following complex integral along the closed contour C (see figure 7) in the plane
We have chosen our contour such that the integrand is analytic except for two second-order poles z 1 = iπ/2, z 2 = iπ/2 + 2bξ, and in the limit R → ∞ the integrals along the vertical paths z = ±R + iφ, φ ∈ [0, iπ] vanish. From the residue theorem we have
Resf (z k ), (A.3) where the residues can be calculated as usual:
Resf (z 1 ) = lim Resf (z k ), (A.9) and we can calculate the residues as before to find: 
